Given a set D of a cyclic group C, we study the chromatic number of the circulant graph D) for all N ≥ 4bc. We also show that, if there is a total order of D such that the greatest common divisors of the initial segments form a decreasing sequence, then the chromatic number of G(Z, D) is at most 4. In particular, the chromatic number of a circulant graph on Z N with respect to a minimum generating set D is at most 4. The results are based on the study of the so-called regular chromatic number, an easier parameter to compute. The paper also surveys known results on the chromatic number of circulant graphs.
the regular chromatic number there is a closer relationship: we show in Section 3 that, for a fixed distance set D, the regular chromatic numbers of G(Z, D) and G(Z N , D) differ at most by one for N large enough (Theorem 1).
The chromatic number of circulant (or distance) graphs of small degree has been widely considered in the literature. In Section 4 we survey known results on the chromatic number of circulant graphs of degree up to 6. For |D| = 3 (degree five or six), the regular and ordinary chromatic numbers coincide, and they are computed for distance graphs by Zhu [37] . For circulant graphs there are some partial results [36, 28, 29] . We compute this number for all circulant graphs G(Z N question by Erdős, Katznelson [22] proved that the chromatic number of a distance graph on a lacunary sequence is finite. Ruzsa, Tuza and Voigt [32] give specific bounds on the chromatic number of distance sets with large growth rate. In Section 5 we consider different kinds of sparse sets for which the regular chromatic number is small. We slightly improve the growth ratio of a sequence in order to have a regular chromatic number at most |D| + 1 (Proposition 4.) The Prime Filtering Lemma provides examples of sparse sets with small chromatic number, and it can be applied to show that sets which admit an ordering for which the greatest common divisors of the initial segments form a decreasing sequence have regular chromatic number at most 4 (Theorem 8.) In particular, circulant graphs with respect to a minimum generating set have chromatic number at most 4. The last section of the paper discusses some additional problems and contains final remarks.
We shall use the following notation. We denote the chromatic number of By abuse of notation, we use the same symbol to denote a set of integers and the set of its congruence classes modulo N as a subset of Z N .
We say that two sets D, D ⊂ Z N are equivalent if there is an inversible element λ ∈ Z N such that λ·D = D . Equivalent sets give rise to isomorphic circulant graphs. Since a disconnected circulant (or distance) graph is a disjoint union of isomorphic copies of circulant graphs, we assume that the graphs under consideration are connected. This means that we assume 
Regular chromatic number
The notions of regular colorings and the corresponding regular chromatic number of distance graphs were introduced by Zhu [38] . These notions are connected to diophantine approximation problems in number theory and as such they allow for some algebraic and number theoretical treatment.
A k-regular coloring of Z with step λ ∈ R is the function:
Given a set D of positive integers, the regular chromatic number of the distance graph G(Z, D), which we denote by χ r (D), is the minimum k such that there is a proper k-regular coloring of G(Z, D) , that is,
(1)
In view of (1) it is useful to consider the parameter κ(D) (this notation was introduced by Wills [35] ) defined as follows:
where, for a real number x, x denotes the distance from x to its nearest integer.
The relationship between κ(D) and χ r (D) is given by:
We extend the above definitions to Z N as follows. Given a subset D ⊂ Z N \ {0}, we define 
Wills [35] proves that κ(D) ≥ 1/2|D|, which gives a Brooks like upper bound for the regular chromatic number:
An improvement of the above lower bound when |D| ≥ 4 is given by Cusick and Chen in [11] : κ(D) ≥ 1/(2|D|−3) if 2|D|−3 is a prime and κ(D) ≥ 2/(4|D| − 5) if 4|D| − 5 is a prime. The following conjecture, introduced by Wills [35] and independently by Cusick [14] has been given the picturesque name of the Lonely Runner Conjecture by Goddyn [5] .
Conjecture 1 (Wills [35] , Cusick [14] 
The conjecture has been proved for |D| = 3 by Betke and Wills [4] and Cusick [14] [15] [16] , for |D| = 4 by Cusick and Pomerance [13] and Bienia et al. [5] , and for |D| = 5 by Bohman, Holtzman and Kleitman [6] and Renault [31] . The case |D| = 6 has been recently settled by the present authors [3] .
The parameter κ(D) can be computed from the values of κ(N, D) for N ∈ D + D, as is shown in [26] . More precisely, let us denote the set of sums of distinct elements of
Proposition 1 (Liu, Zhu, [26] ). Let D be a finite set of positive integers. Then,
Proposition 1 shows that κ(D), and consequently χ r (D), can be computed in polynomial time in max(D). Zhu [37] showed that, for D = {1, 3, 4, 7} we have 4 = χ(D) < χ r (D) = 5. We next give examples which show that the gap between the regular and ordinary chromatic numbers can be arbitrarily large. Recall that ν p (d) denotes the largest power of p which divides d. 
Proposition 2. Let m be a positive integer and let
We have N ≥ 2 
, a contradiction with (3).
Note that, when
In spite of the above proposition the regular chromatic number may give good bounds for the chromatic number of distance graphs and circulant graphs. Moreover, it is usually a simpler parameter to compute. The so-called Prime Filtering Lemma was introduced in [2] as a useful tool for this purpose. We next give a more general version of this lemma. For this we extend the notion of p-adic valuation ν p (x) of a positive integer x as follows. Given a sequence s = (s 1 , s 2 , . . .) of positive integers with s i > 1 for each i we denote by 
Proof. Denote by q the stated lower bound for κ(N, D). We also denote by
Let r be the smallest r ≤ m + 1 such that there is λ r ∈ Z N such that gcd(λ r , t m+1 ) = 1 and
and λ ∈ Λ. Note that, for each d ∈ E(r), we have (dN/t r ) N = 0, and thus |λ(λ r d)| N = |λ r d| N . On the other hand, since every prime dividing t m+1 also divides N/t r , we have gcd(λ,
By (4) 
The following is usually a more manageable form of Lemma 1. 
Lemma 2. Let D be a finite set of positive integers and p a prime. Let
m = max ν p (D). Assume that |D(i)| ≤ (p − 1)/2, for each i = 0, 1, . . . , m − 1, where D(i) = {d ∈ D : ν p (d) = i}. Then χ r (D) ≤ p.
Circulant graphs with large order
In this section we consider the behaviour of χ(N, D) and χ r (N, D) for a fixed set D of positive integers as a function of N.
The following is a simple observation. (6)
where
Proof. The lower bound in (7) 
For the values of |D| for which the Lonely Runner Conjecture is known to be true, Theorem 1 gives the following corollary. 
Circulant graphs with degree at most six
The study of chromatic number of circulant graphs of small degree has been widely considered in the literature. The degree of χ(N, D) is 2|D| − 1 if N/2 ∈ D and 2|D| otherwise. Circulant graphs of degree 2 are just cycles, so their chromatic number is 2 or 3 according to the parity of N. For degree 3 or 4 (|D| = 2) the computation of the chromatic number of G(N, D) starts to be nontrivial. A characterization for the case D = {1, b} was given by Yeh and Zhu [36] in connection with the chromatic number of 4-regular quadrangulations of the torus. The complete characterization was given by Heuberger [21] and is described in the following result. Let us now consider the case D = {a, b, c}. After some partial results [10, 17, 18, 34] the computation of the chromatic number of distance graphs G(D, Z) with |D| = 3 was finally settled by Zhu [37] , where sufficiently accurate bounds on the circular and fractional chromatic numbers of G(Z, D) are obtained to prove the following result. It was shown by Zhu [37] that, for |D| = 3, the regular and ordinary chromatic numbers of G(Z, D) coincide. Moreover, Chen [8] has characterized the sets of cardinality three for which 1/κ(D) is an integer. The following statement is a reformulation of the results in [8, 9] .
Theorem 2 (Heuberger [21]). Let

Theorem 3 (Zhu,[37]). Let
Theorem 5 (Chen, [8, 9] ). Let D be a set of three positive integers. We have 
The first equality in (9) implies that 3λx = kN for some k not divisible by 3 and so In the last two cases we use the notation from (5).
Case (iv). If λ ∈ I({x, y, x + y}, 3) then λx = λy = λ(x + y) = 1/3. Hence we have λ = j/(3x) = k/(3y) for some j < 3x, k < 3y and, from gcd(x, y) = 1, we deduce I({x, y, x + y}, 3) ⊂ {1/3, 2/3}. It is easy to check that equality only holds if x ≡ y (mod 3) and χ r (N, {x, y, x + y}) = 3 if and only if furthermore N ≡ 0 (mod 3).
Case (v). A direct computation shows that I({1, 5, 8}, 3) = {1/3, 2/3}, and χ r (N, {1, 5, 8}) = 3 if and only if N ≡ 0 (mod 3). Similarly, I({2, 3, 10}, 3) = {1/6, 5/6}, and χ r (N, {2, 3, 10}) = 3 if and only if N ≡ 0 (mod 6).
Circulant graphs with sparse sets
Ruzsa, Tuza and Voigt [32] give a sufficient growth condition on a set D in order to have a finite chromatic number χ(D).
In particular, they showed that sparse sets D give rise to distance graphs with small regular chromatic number: Theorem 7 (Ruzsa, Tuza, Voigt, [32] ). Let D = {d 1 , d 2 , . . .} be an infinite distance set such that there exists an integer k ≥ 3 with
By using the same idea as in the proof of Theorem 7, the growth ratio of the sequence can be reduced to 2 for a finite set D yielding χ(D) ≤ |D| + 1. Thus Conjecture 1 holds for such sets.
Proposition 4. Let
Proof. We show by induction that, for each i, there is an interval
and, by the above remark,
, which is a non-negative number for i < k − 1. Moreover, we have l k−1 ≥ 1/2kd i − 1/kd i+1 ≥ 0 where the last equality holds only if
The condition of the growth rate of the sequence in the above result can be modified by requiring a larger growth rate but only for the upper half of the set D as stated in Proposition 5 below. Let us first give the following lemma.
Lemma 3. Let D be a finite set of positive integers and L
and, if the equality holds, then
Proof. By applying (6) and (8) A different growth condition which also provides small regular chromatic numbers can be obtained by modifying the proof of the Prime Filtering Lemma (Lemma 1). We give first the version for circulant graphs. 
where In particular we have the following analogous statement for distance graphs.
Corollary 2. Let
D = {d 1 , d 2 , . . . , d k } be a set of positive integers with gcd(D) = 1. Let g i = gcd(d 1 , . . . , d i ), 1 ≤ i ≤ k. If g i > g i+1 , 1 ≤ i < k, then χ r (D) ≤ 4. Moreover, if g i > 2g i+1 , 1 ≤ i < k, then χ r (D) ≤ 3.
Final remarks
There are some additional results on the subject that we have not mentioned in the preceding sections. Perhaps one of the most studied cases among the ones we have not considered is related to distance sets obtained from an arithmetic progression by deleting a sparse arithmetic progression; see e.g [27, 25] and the references therein.
A problem which has raised some attention is the characterization of distance graphs with large chromatic number, that is, the characterization of sets D such that χ(D) attains it upper bound |D| + 1. Based on the known results for |D| ≤ 4 and for particular classes of distance sets, Zhu [37] formulated the following conjecture: The results for |D| ≤ 4 suggest that a stronger result might be true: if the upper bound |D| + 1 is reached then the graph G(D, Z) contains a clique of size at least |D|. The distance graphs with clique number ω(G(Z, D)) ≥ |D| were characterized by Kemnitz and Marangio [23] . The same authors determined the chromatic numbers of the corresponding distance graphs [23, 24] . Chang, Huang and Zhu [7] , Chen [8] and Liu and Zhu [26] determine the values for κ(D) of distance graphs G(Z, D) with clique size at least |D|. The complete characterization of sets with |D| = 4 and χ(D, Z) = 5 was given by the present authors [2] . As a consequence of these results, for |D| ≤ 4, the maximum value χ(D) = |D| + 1 is only reached when the clique number of the graph is at least |D|. This condition is no longer necessary for |D| ≥ 5 as shown by Soták [33] . 
